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Figure     One. 
A  unipai-'tiLe  ortiiic  cubic    .vhich  has  three  real 
inriections,    one  or  which  is  at  ini'inity. 


Flours   One. 


ri^urg  TWO. 
The  hypocycloiJ  or  class  five  ana  orier  six  »vhich 
is  enveloped  by  ihe  asynipioies  or  curves  in  a  pencil  or 
cnhic  cubics. 


Figure    T/fO. 


ir'  A  R  T  ONE 
The  ORTHIC  CUBIw  CURVE 


GRTHIC     CURVED 
or 

ALvii:.3R^iIC  Cu.lVjbb   ^hicii   satisfy  LAP^ACi:-'.^  huLfATIoH 

in 
TWO  DIIvIEHSIGNS 

I   propGGe   i  study  or  the  metrical  prope.-'ties  cr 
alfjebraic  plane  curves  .vhich  ax'e  apolar,    or,    as  it  is 
soruetiiLes  called,   haru-onic,    »vith  the  absolute  conic  at 
infinity.    If  «ve  disroaari  the  right  line,    the  siiLplest 
orthic  curve  is  the  equilateral   (conic)   hyperoola,   ana 

the  name  equilateral  hyperbola  is  someLiu-es   3xtenJ.9.i.  to 

(1) 
Oi-ihic  cu.'ves  of  higher  order.     Doctor  HolzmOller       »¥ho 

devotes   a  section  to  curves  of  this  Aim.    calls  mem 

hyperbolas;    and  .vi. Lucas ^"-^ calls  them  "stelloides". 


^^^■EIHF'JHRUIIC-  in  die   THi^ORIii  D^R  ISOGO^AL^i  VLRvviU^JXii^'^FTH^I 
und  der  CONrORi«iEa;  aBBILDUI-UM,   Gustav  Hol2u.ullor,   Leipzig, 
1332.      p.,,      -.02.... 

^^  GiiOiviETRIi-  des  POLYMOiviLt;-,    Felix  Lucas.   Journal  de 
L'Lcole  Polyteciinique,    1879.    t-XXVIil. 


2. 

M.   Paul  Serret.    in  a  series  of  xhree  papers  in  CoJiPtes 
Rendu s^nisss   the   "eguilatere"  Tor  a  curve   rviui  asyniptotes 

CO-AC  \>T^  •  vCV 

■GGntgruGTW;  and  parallel  to  uie  sides  of  a  regulax''  polygon. 
It  seeiLs  advisable  to  follo.v  ivi.    Serret 's  usage,    and  to 

denote  such  a  curve  by  the  na.Le  equilateral,  usin^  another 

-I* 

teri:.iexpress  apolarity  *vith  the  absolute.  For  this  purpose 

I  have  adoptea  the  »vord  crthic. 

If  »ve  use  Cartesian  coordinates,  a  curve  , 

is  apolar  wiu'  the  absolute  conic, 

In  other  /.'ords,  an  orthic  curve  is  one  rfhicn  satisfies 
Laplace's  equation  in  two  dii..ensions. 


equilateres  d'ordre  quelconque.    p.34G. 

5ur  les  faisceausresuliers  et   les  equilateres  d'ordre 
n.      p. 372. 

bur  les  equilateres  coii.prises  dans  les  equations 


C  =  r:^-"l,T>H.,-.»Hl 


p. 438. 


The  ORTHIC  CUBIC  CURVE 


I. 

In  the  analysis  .i^hich  nay  be  requirea,  I  shall 
employ  conjugate  coor-iinaies,  x  ,  T  .  which  may  oe  defined 
jcS  folloivs:  If  X  and  Y  are  the  x-'ectaneiular'  Cartesian  coor- 
dinates or  any  point.  ti-S  conjugate  coorainatec  or  that 
point  are      __   .  ^       _   ^   ,  a^ 

<(iher\   the  origin  13  retainea,  and  the  axis  or  X  is  cnosen  .s 
axis  of  reals ^ or  base  line.   It  is  sonietiiLes  convsnierxt  to 
thin/,  of  X  as  the  vector  frorii  the  origin  to  the  point, 
and  of  T  as  the  reflection  of  that  vector  in  the  base 
line.   If  X  ,  T,  is  a  real  point  of  the  plane,  not  on  the 
base  line  x->r=Oj  x  and  X"  are  conjugate  cci-plex 
numbers.   Since  if  one  of  the  coordinates  or  a  point  is 
Ano«;n,  the  other  is  iLu^ediately  obtainable,  .re  usually  naii.e 
a  point  ty  giving  but  one  of  its  coordinates.   It  is  conv 
venient  to  reserve  the  letters  t  and  T  for  points  of  the 
unit  circle, 

X  ^  =  O-  . 

i^lo»v  Laplace's  equation, 
when  applied  to  a  function  of  x  ana  T,  becomes 


IL  rolloiys  thai: 

The  necessary  ana  surficleni  CGn:llLiGn  thaL  a  curve 
be^Grihlc  is  Lhat  its  equation  in  con.)UJate_cGoriinates 
contain  no  jpro.duct-^-tepni. 

II, 

Let  us  noiv  proceea  to  tne  study  or  the  orthic  curve 
Gi"  the  third  order.   I  shall  ob^tain  the  equation  of  an 
orthic  cubic  in  a  ivay  rt'hich  »vill  suggest  iniii.ediately  a 
method  fo.'  tbe  construction  of  points  or  the  curve. 

The  path  of  a  .  oint  ffhich  moves  in  such  a  »yay  that  it 
preserves  a  cor^Btant  orientation  .frpnithrei  rixed  points 
is  an, orthic  cubic  curve. 

II"  X  is  the  moving  point,  and  the  three  fixed  points 
are  o< ,  f^,  ^  ,  then  the  sum  of  the  amplitudes  >.f  the  strokes 
A'hich  connect  x  «7ith  oc ^   (3, and  \  must  remain  constant. 
That  is,  ^/e  must  have 

{  X  -  X  )(  X  -  f^)(  ;^-  V^  )  =  ^  a,  . 

If  the  curve  is  to  be  real,  ti:e  conjugate  relation, 

must  hold  simultaneously.  The  equation  of  the  curve  is 
obtained  by  eliminating  the  parameter  n  Det»»een  these. 
It  is 


5. 


This  is  the  mosL  gene.^al  equation  or  the  third  degree 
vvhich  ./e  can  have,  without  introducing  the  proauct.  As  a 
consequence  it  represents  a  perfectly  general  orthic  cubic. 

If  we  transforni  to 

sb 
the  centroid  of  »<  [^  y  ,  :is  a  new  orisin,  and  choose  the 

base  line  that  T^is  real,  the  equation  taK.es  vne   form 

The  equation  of  an,,  orthic  cubic  can  be  brought  to  this  form. 
The  th.^ee  points,  c<,pS  ,  and  y  are  on  the  curve,  ana  form 
what  it  is  convenient  to  call  a  triad  of  the  curV'S. 
III. 
Consider  tne  Ox"thic  cubic, 

Th.9  approximation  at  infinity, 

(X  -  ■/3S^.)-  ^M^-  '/."^.)'=^   ^ 

ma^es  both  the  square  and  the  cube  terms  vanish,  and  there- 
fore represents  the  asj"mptotes.   The  factors  of  this  are: 

X-  ^s  -'^,  -  ^fv  ^^-  '^^\)^  ^, 


These  three  lines  meet  at  the  point 

ifvhich  we  iLay  call  ths  cenire  of  the  curve.  We  notice  that: 
The  cenire  or  the  orthic  cubic  is_th^  centroid  or  the  triad. 

The  clinanis  of  the  asy.^p totes  are  iT\'^,uXT^^,ufeTiey 
differ  onli  by  the  consiani  factor  U)  .  NoiV  <ve  ahoiy  that 
multiplying  the  clinant  of  a  lift©  by  *m    is  equivalent  to 
turning  ihe  line  Lhrou^h  an  angle  3^. A  rotation  ^''^     about 
Lhe  centre  senas  each  asyn.piote  into  an^other.   It  follo.vs 

that  the  asyihptotes  of  an  ortj  ic  cubic  are  concurrent 

(1) 

and  parallel  to  tne  sides  of  a  regular  triangle.  ....Serret^  ^ 

calls  such  a  figure  of  equally  inclined  lines  which  lueet 
in  a  point  a  regular  pencil,  and  a  curve  itfith  asymptotes 
forming  a  regular  pencil  he  calls  an 'gquilater  el' 
Noff  any  cubic  curve,  the  asyi^ptotes  of  milch   form  a  regular 
pencil,  can  be  brought  to  the  form: 

x"'-^  a,  X  -*-  a,  -^"cl^^  -^  H'^^    o, 

in  which   ive  recognize  it  as  ortiiic.      It  folloiYs  that: 

The  orLhic  cubic  and  the  equilareral  of  order  three 


(^  Comptes  Rendu s,  sur  les  hyperboles  equilateres  d'ordre 
quelccnque.  18C5.  t. 121. , p,34C. 


7, 

are  Identical. 

The  relation 

may  be  regarded  as  mapping  a  lin^  through  ihe  origin  in 
the  z  plane, 

into  the  orthic  cubic.  Vse  are  thue  able  to  identify  the 

IdLLer  ffith  ihe  curves  discussed  by  HolziiiUller^  'and  by 

(2) 
Lucao^^^* 

IV. 

A  figure  of  the  orLhic  cubic  inay  be  obtained  without 
difficulty  by  constructing  points  of  the  curve.   In  order 
to  sho*v  ho*v  this  aiay  be  do^e,  it  is  necessary  to  prove  the 
following  len^ia, 

Llerx^ents  of  tne  pencil  of  orthic  ,  or  equilateral, 
hyperbolas  tfhieh  have  the  stroK.e  i^  v  as_a  diameter,  in- 
tersect  corresponding  eleraents  of  the  pencil  of  .lines 
through  cx  on  an  orthic  cubic  of  tfhich  <5<  (^  y   is  a  triad. 

rry 

Holz:^ulle-".   Conforruen  Abbildungen,    p.    2C5. 
(2) 

Lucas,   Geoiiie'trie  des  Polynonies,    Journal  de  I'jicole 

PolytechniQue,  t.XI-T/III,  p.  23. 


For  the  line  throu^lycx  , 
and  the  equilaterai  hyperbola  on   p  y  j.s  a  diaaieter, 

(x -  ft)ix-~  V )  =^ \- ^ r 

inte-^sect  on  the  orthic  cubic  , 

TT    -   I,  - 

ir  the  trtTO  pencils  are  given,    it  is  only  necessary  to 


■4,^  pair  otT  lines   and  cu:'ve.3  accG-^iiriES  to  iiva  .-^eldtion 

T'T"=  T,  , 
and  to  luarx  inLerseciions,  These  rfill  be  points  or  tir3  cu.^ve, 

I  iidve  hai  constructed  a  very  simple  instnuLent  for 
drawing  the  equilateral  hyperbolas  j-equired  in  the  construct- 
ion ^iven  above,   T«vo  toothed  .vheels  or  equal  dianxete-^s 
are  aftiche^  beneath  the  l.-j.filng   board  in  such  a  .vay  that 
their  teeth  engage.  The  axles  ire  perpendicular  to  the  boaM 
and  come  throug..  ii  at  (^  and  v   .  The  axles,  -micii  turn 
.viih  the  wheels,  carry  lon.^  han..s  or  pointers  .vhich  siveep 
over  the  b^oard.  On  dccount  or  the  cogs,  the  #hselo  uqt^o  to 
can  turn  only  through  equal  ana  opposite  angles.  As  a  con- 
sequence, X  ,  the  intersection  or  the  nands,has  a  constant 
orientation, fi''oiL  [^  and  y  ,  and  in  fact,  generates  the 
orthic  curve  of  the  second  o.-.er  given  by 

0UL  this  is  the  hyperbola  .required.   The  accoiLpanying  figu.^e  ' 
.vas  dra.'/;i*vith  the  aid  of  this  device.   The  actual  labox" 
of  drafVing  is  lessened  by  the  fact  that  ths  centre  ana 
asyiiiptotes  are  Kno/;.  The  centre  is  the  centroid^  or  'X  p?>  y 
and  the  asymptotes  habe  the  amplitud-s  of  the  cuoe  roots 


10. 


V. 

A  mechanism  which  ivill  actually  Iratv  an  orthlc  cubic 
is  very  a.uch   lo  be  desired.  One  migiht  to  be  made  in  some  such 
ivayas  the  following.   Suppose  three  hands, lirie  those  describ- 
ed above  (IV),  to  be  pivoted  at  o^  ^   pj ,  and  y  .  Let  then,  oe 
held  together  in  such  a  «vay  that  while  each  is  Tree  to  move 
along  the  otners.  tteai  tnef   must  always  meet  in  a  point, 
which  is  to  be  the  tracing  point.  Each  hand  is  to  receive 
its  moLion  from  a  cord  wound  about  2  bobbin  on  its  axle. 
The  bobbins  are  to  be  equal  in  diamete.^  The  cords  pass 

through  conveniently  placed  pulleys  and  are  Kept  tight  ana 
vertical  by  small  equ^l  weights  ai  their  enas.   Consider, 

to  fix  iieas,  those  three  ./sights  which  Vj   their  descent 
give  the  hmds  positive  roiation,   Ir,  now,  the  tracing 
point  be  move-I  along  an  or-.nic  cubic  .vnich  has  ^  f5  v   for 
a  fundamental  triad,  the  total  turning  of  the  bobbins  will 
be  zero,  and  ds  a  consequence  the  total  descent  of  tne 
weights  will  be  zero.  Conversely,  if  we  can  move  these 
vertically  and  in  such  a  .vay  th.L  the  toial  descent  will  be 
zero,  the  iracing  point  can  move  only  along  an  orthic  cubic. 
This  1rn1  "iVil  "  result  will  be  obtained  if  the  centre  of 
gravity  of  the  ihree  //eights  can  be  Aept  fixed.   It  will 
n^t  do.  however,  t^  connect  the  thr:e  weights  by  :i 
rigid  triangle  pivoted  at  its  centre  of  gravity, 


11. 

for  then  they  *vill  net  move  venicaiily.  But  since  a 
pax-^allel  projection  does  not  alter  the  centroia  ot  a   set 
or  points,  the  desired  resuli  ffill  be  attained  if  the 
weights  are  constrained  to  vertical  motion  by  some  '^md   of 
guides,  and  are  .^apt  in  a  plane  which  always  passes  through 
the  centre  of  gravity  of  one  position  of  tiie  weights. 


12. 


VI. 

Consider  the  general  orthic  cubic  given  by 


. 1_  3 

It  cuts  the  unit  circle, 

X  "x  =  X  , 

in  six  points,  the  roots  of 

If  ^e  want  the  cubic  to  meet  the  cir^cle  in  six  given 
points,  say^  T,  ,T^-  "^41    Xhen   this  equation  must  be 
identical  *vith 

el^e:;.entari 
in  rvhich  the  S's  stani  for  the  sy.;^.etrical  combinations 

of  the  six   t"*S.   This  requires 

The  coefficients  oftlje  cubic  equation  are  then  precisely 

IP    determined.  »yith  the  result  that:3ut  one  orthic  cubic  can 

-A 

i4ft§tructe-i  through  any  six  points  of  a  circle. 

It  remains  for  us  to  show  that  one  such  cu.-ve  can 
always  be  drawn,:  that  is,  th^Lt  th  _  equcitlon 

\^-   5,  x^-+3^x  --^3  -t-  ^^x"  -  ^^.T^H-S^x^-  o 
always  represents  a  real  curve.    If  we  so  choos-^  the 
bise  line  that  ^  =  1  ,  then  we  have 


S;  =  ^.-1^:"=   Vv. 


13. 
and  the  equation  taKes  ihe  forni 

»yhich  is  obviously^ self-conJu=^ate.    ana   is,  tiiererore, 

satlsxiea   cy  iJis  coordinates  of  reil  points.     As  a  result: 

An  orthic  cubic  can  always  be_dratfn_Lnrougn  six  points  of 

9  circle. It  is  th en  let ermined  uniquely, 

VII. 

r 

»'ihen  tiie  orthic  cubic  is  reffirea  to  u:3   six  points  in 

A 
fVhich  it  cuts  ti.e  unit  circle,  tho  equations  of  the  asy:i.- 

ptoteL  ta.ie  the  form 


Th.ese  thres  lines  meet  ai 

X  =  3"  S,  , 
the  centre.   This  point,  the  oritjin.  ind  Uie  point 
ivhich  is  Lhe  centroid  of  the  six  pcinis  on  the  circle 
lie  on  aline;  and  the  latter  .  oint  is  midkVay  betiv-en  the 
othe."  tivo.  This  leads  to  the  interesting  fact  thai: 
TP  The  centroid,  of  the  3ix  Jjoints  in  «vhich  ani^circle  meets 
an  orthic  cubic  bisects  the  stro-ve  from  the  centr'£__of _tne 
curve  to  the  centre  of  that  circle, 
VIII. 
We  spa-.e  of  the  three  points  cX.fB.,  y,   Arhich  have 
the  same  orientation  from  everi  p.int  of  the  curve, as  a 


14. 

triad  of  the  curve.  Let  us  see  ho fi   nany  such  triads  there 
are,  anl  ho*v  ihey  are  arranged.   The  relation 
(X-  o<H  A-  ^)  (  X-  \>  =  -2- 

may  be  regarded  as  establishing  a  corresponaenoebeivveen 
points  X  in  one  clane  and  points  z  in  anotiier  ,.lane, 
in  such  a  ^fay  that  if  z  describes  a  line  ^   ,  ih-rou-gh- 
the  ori.iin^the  point  x  generates  an  ortiiic  cubic  on  ^  fi  y^ 
as  i  mQ:larui:?nTn^  triad.   To  every  position  or  z  on  the 
director  line  ^  ,  -^here  correspond  three  points  in  the  x-plag« 
I  shall  shoff  that  each  such  set  of  Lhree  poinis  is  a  triad. 
Wriie 

Then,  if  ^,,^i,   ^.  •'-"®  ^^""^  three  points  ./hich  cor:'espond  to  z, 

fix)    -  X  =(  ^-  ^,){^^-  ^Z.){^^~^^)    ' 

And  also 

No.v  this  .^elation  is  satisfied  by  x,  ,or  x^,or  x  ^  _____ — - 
Since  2-  Z^  is  a  point  of  the  directOi"  line,  it  folio a's 
thit  the  three  points  x',  ,  x]^  ,  j.*^,    //hicn  correspond  to  any 
point  z'  of  the  dii-^ector  line  Have  the  saiue  orientation 
froiL  everv  point  of  the  curve.   ..e  conclude  that 
TP  To  ev-ry  point  of  the  director  line  correspon-:S  a  triad; 
all  the  points  or  the  cu rve  have  the_saxiie  orientation  froiL 
any  triad,  and  all  t  e  triaas  of  the  curve_have_tne_saiiie 
orient ati.n  from  anti point  of  the  curve. 
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IX. 

V»e  seek  the  points  of  ^  triad  >vhlch  correspond  to  a 
given  point  z  .   The  nap  equation  can  be  brougiit  to  the 
foriL 

Vij  choosing  the  centre  o:'  the  curv   ;.  new  origin  and  o^a^in^  a 
suitable  choice  of  Lhe  unit  stroAe.  We  see  at  once  mat 
the  sum  of  ihe  x's  for  a  given  z   is  zero,  In  oiher  tvords. 
The  ceniroiJ  ,  of  an...  triad  is  the  centre  of  ,the_cu_bic. 

i,iaK.ing  use  or  the  method  Kno.m  j.s  Caraan'o  solution, put 


where  >\  is  real. 
Then 


x'-  3  X  -  i  X 


becomes 

Ana    ;/e  have   as  t/zo  relations  bet>veen    ji\rand    \j-^ 

and 

i^(t    -*-  irH  n't    cr^   \)      =-     O 

Vvlien  z  is   zero,    the  values  of     x     are     ±-^      and      O       _; 
and   «\fhen     z     is  not  zerni/,    ive  Uxust  have 

This  leads  to  the  expressi_:i  of     x     and     z  in  terms   of     yiX. 
as  follc.^G  : 


15D. 


(1) 

HaPAness  and  Morley^ Treatise  on  the  Theory  of  Functions 

\    39. 
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X   =  >it  -^  Th-  ' 


.ioiv  if  Are  assign  any  value  to  >^   -ni  let't  run 
around  the  unit  circle  ,  x  describes  an  ellipse  ivitn  foci 
at   >  =  -*-2-  and  a=  —  ^  .3ut  at  the  sane  time,   z  also 

describes  an  ellipse  ivith  its  foci  at  ':^  =  h-1  and  'X   -  — iL. 

The  .e  t.vo  ellipses  are  related  m  such  a  .vay  that  a  point  z 

on  one  of  them  is  correlate,  by  the  equation 

X^—  3  s  =   Z'l:. 

with  thr:-e  points  on  the  other.   No*v  the  foci  of  both 

these  ellipses  are  independent  of  the  particular  value  of 

n^      selected;  it  folloArs  that, if  ne   assign  successive 

values  to  ,i.{^,^e   shall  obtain  in  each  plane  a  systen.  of 

ccnfocal  ellipses  of  sucha  sort  that  the  equation 

X^-  3  X  =^  3  X 

atxjtK  esLablishes  a  one  to  one  correspondence  betyveen  tnem. 

In  each  .  lane  the  origin  is  the  centre  of  all  txie  ellipses. 

Applying  this  schea^e  to  the  case  in  hand,  «vesee  th.at  a 

triaa  ...ust  be  inscribed  in  one  of  the  ellipses  in  the  x 

plane.   But  the  cenLi^oid,/  of  the  triad  is  the  centre  of 

the  ellipse;   so  the  ellipse  must  be  ti  e^^fea^js^ffcircujii- 
of  least  area 
scribei  ellipse  of  that  triad.   We  may  say  then,  that: 

A 
The  triads _ol_tJiie._ortiiLG._ciibi.c^ai!.e._QU."L_aa.t _.cfi._tlie  ^cur!V.e_ 

biL^a  _p.art.Laul:ajr__sy5.t.em_Qf.  _cioiif.orLa:L_slXULS.e5i^Ji>l-ei.GlL 

of  least  area        . 
elli£.se  _i_s  All §.  j^^i^fefe  _(Lij'_ciiaiS-Qi"i.b.2.1_elll;.se-^Qr-.  tiie-^^-Lmai 
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on  It. 

If  rtre  examine  the  equation 

x^-  3x   -  2  r 

for  equal  roots,  Are  find  that  the  double  points  of  the  x 
plane  are  at   X  =  h-:L  and  at  >=-:»-.  These  values  of  x 
correopond  to  the  branch  points  in  the  z-j lane^  x=-*J-  and^^.-i 

Let  us  for  a  moiLent,  replace  the  z-plane  by  a  three 
sheeted  Riemann  surface.   .-.11  three  sheets  must  hang  together 
at  infinity;  and  tivo  sheets  at  each  or  the  branch  points. 
Let  the  first  and  second  sheets  be  connected  by  a  bridge 
along  the  base  line  from  -^  1.     to  infinity,  and  the  second 
and  third  sheets  be  similarly  connecte..  by  a  brides  along 
the  real  axis  f-xm  -i  to  infinity. 

Select  on  this  surface  any  large  ellipse  with  foci  at 
the  branch  points  ,  and  any  line  as  a  director  line.  Hon 
consider  the  contour  obtained  by  starting  from  apoint  of 
this  inside  the  ellipse,  going  uience  along  the  line  to 
meet  the  ellipse,  along  an  arc  of  ihs  elli;-se  to  meet  the 
line,  and  then  along  the  line  to  -he   point  of  departure. 

We  can  choose  this  path  in  such  a  aay  that  one  of  the 
following  three  cases  must  arise: 

( 1 ) .  The  contour  passes  throu,;:h  a  branch  point. 
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( 2 ) .      The  contoux"  su.tgu nis  one  b.' ancn .  point. 

( 3 ) .  The  contour  . surrounJ.s  no  branch  pointy, 

in  case  (l),.ve  knoiv  that  the  cubic  must  hav^e  a  node. 
In  case  (2),  Ly  going  three  tiiLes  around  ive  can  pass  con- 
tinuously throUtSh  every  sheet  or  the  Riemann  surface,  and 
thererore  through  every  value  of  x.  Or,  thiniiin^  a^ain 
of  the  x-plane,  we  hav^e  a  unicursdl  boundary.  NoiV  it 
happens  that  the  ellipse  v/e  choose  naps  into  one,  and  not 
three  ellipses  on  the  x-plane.   If  ^■/e  imajine  this  to  expand 
indefinitely,  «ve  shall^to  consider  the  boundary  as  our 
orthic  cubic.   It  folloivs  at  once  that:  The  orthic  cubic 
ffhich  corres;:onds  to  a  line  tfhl ch  does  not  pass  between 
the  branch  points  is  uniiiartite. 

If  the  contour  includes  one  branch  point,  and  there- 
fore crosses  one  bridge  of  the  Riemann  surface,  .ve  must 
go  along  two  unconnected  curves  to  reacn  all  the  values  of 
X.  When  these  mo   curves  are  spread  on  the  x-plane,  thei' 
lead  at  once  to  tte  conclusion  that:  Ti^Q  orthic  cubic 
tfhich  corresponds  to  a  line  tfhich  .passes _bettfeen_the_brianch 
points  is  a  bipartite  curve. 


XI.  19. 

Let  us  turn  our  aitention  again  to  the  tv^o  planes 
connected  by  the  relation 

Yie   notice  that  while  the  ellipses  in  t.  e  z-  plane  have 
theix"  foci  at  the  branch  points,  the  foci  of  the  correspond- 
inci  system  of  ellipses  are  nfijt  the  double  points  of  the 
x-plane,  but  are  the  points  x  —  2  and  x  =- -2,  each  of 
whieh,  «;ith  one  of  the  double  points  countea  t.vice,  forms 
a  triad. 

As  a  rule  there  are  two  triads  of  the  curve  on  each 
ellipse,  corresponding  to  the  two  points  in  which  the  '  . 
director  line  cuts  an  ellipse  of  the  system  in  the  z-plane. 
But  unless  the  line  go  between  the  branch  points  ii  will 
be  tangent  to  one  ellipse;  consaquently,  two  triads  will 
coincide,  and  the  cubic  will  be  tangent  at  three  places  to 
one  of  the  ellipses  o:  the  system.  No  part  of  the  cubic 
can  be  inside  i)f  li.at  ellipse. 

When  K\    is  1,  the  two  ellipses  degenerate  into  two 
segments,  ^ 

If  the  line  pass  between  the  branch  points,  and  so 

segr;-ent 

cut  the      'I,— i  .two  triads  again  coincide,  but  in 
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this  case  the  ihree  pointr,  lie  on  a  line,    iind   vve  do  not  have 
the  trip^ly  t^ngenL  ellipce. 

When  the  line    ^    cuts  the  axis  or  iiLa^inaries , 
X  -^-    X.  =     o  , 
ffe  have  jY  ,_ 

anj.  3,  /    TLi 

Ii  fcllcvs  LhaL   cvwi."t-TV/^_^^^nd  so  ujIT  is  th.e  reflection 
Ox   "t    n  the  axis  of  imaginaries  ana  tA^i:  is  a  pure 
in.a,xinary.     Then,  since  we  Ano.v  that 
><,-   -t-  ^i=E? 


to  J»-». 


rt 


A  ^   =   C^>'^-t  -V   -^'— IT 

life  see  thai,  x^  is  the  reflection  or  x   in  the  line  x^'T'- o 


and  thai  x   is  on  ihai  line.    It  follows  that  the  tri- 
angle  ^,  W3  is  isosceles  and  that  its  base  s^K^   is 

parallel  to  the  re  1  axis.      There  is  attain  an  isosceles 
triangle  when  -fc   is  re^l.     This  tri-ingle  has  its  vertex 

on  the  axis  of  reals  and  its  base  perpendicular  to  tnat  axis, 

Forming  the  discriiiiinant  of  the  quadratic   in       M^^ 


3 

we  see  that  "t  is  real  when  z  >  i  ]t.    In  othe--  words, 
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ix  the  direcLGP  line  \    cut  the  axis  or  reals,  but  not  between 
the  branch  points,  we  have  such  an  isosceles  triangle. 

F'pon.   the  above  considerations,  vfe  see   that  if  the 

director  line  is  either  or  the  axes, 

then  one  branch  or  the  orthic  cubic  must  be  a  right  line: 
the  remaining  portion  of  the  curve  musi  then  be  an  ordina.T 
hyperbola,  and  the  inclination  of  its  asymptotes  must  be 
either  ""Va   ^r  -^^3"  .  The  first  value  refers  to  the  case 
when  the  director  line  is  the  axis  of  imaginaries,  aad  thg' 
and  the  second  to  the  case  when  it  is  tiie  axis  of  reals, 
XII. 
Suppose  we  put  a  circle  through  the  three  points  of 
a  triad  and  ask:  7«here  are  ti.e  remaining  three  points  in 
which  it  cuts  the  cubic?   For  convenience,  let  thrae 
points  of  the  unit  circle  be  taken  as  a  triad.  The  cubic 
is  then 

On  eliminating  x  from  this  and  the  equation  of  the 
circle. 
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Are  obtain 


^;,--i,^(.-x,H^-^3>=  \  (H-.-yut-,-X)K£X> 


as  the  equation  of  the  tr.ree  points  sought.    The  roots 
or  this  ,    X,  -  t<  ^     K.^^  ^^  i<     ,  \  ^^  ^^  K, 
are  ihe  coordinates  of  the  vertices  of  an  equilateral 
irianjle.    as  the:'^  is  noj^^striction  in  taAing  the  triad 
on  the  unii  circle,  ffr  have  thejfollotvint?  theoreo.; 

If  a  circle  cut  an  orthic  cubic  in  a  trial,  then 
the  ttvo  curves  have  three  other  intersections,  tfhi_c,h 
for.:,  an  equilateral  trlamiie. 
XIII. 

We  have  seen  tbat  the  relation 

(V-  ^)(  s-  (^^  ^~  \  )  ^   ^ 

caps  a  line  xhggg'  through  the  origin  into  an  orthic  cubic 
tfhich  has    ^  (^  V       as  a  triad.  It  iLUSt  then  fliap  all  zne 

lines  through  the  origin  into  a  single  infinity  of  orthic 

(0 

curves  ^hich  have  the  coiuLon  triaj.  «<  (^  Y' 

If  ive  regard  T  as  a  paran^eter,  we  aiay  say  that 

is  the  equation  of  the  pencil  of  orthic  cubics  ivhich  have 

the  triad  ^,/3,  y'.   it  will  be  convenient  to  give  a  pencil 

of  this  sort  some  naiLe;  let  us  refer  to  it  as  a  central 
^■^^Felix  Lucas7  Journal  de  I'Ecole  .  olytechnique,  XXVIII. p  it 
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pencil,  noting  for  our  justification  that  the  ceniroid  of 
the  triad  is  the  centre  of  every  curve  of  the  pencil. 

If  there  were  any  real  point,  other  U\,ti   <x  ,  f^  ,  or  V 
on  ttvo  curves  of  this  pencil,  it  would  map  into  a  real 
point  of  the  z-plane,  not  the  origin,  vvhich  would  be  on 
tno  of  the  lines  through  the  origin.   As  this  io  iLanifest- 
ly  iiLpossible,  it  follows  that:T>vo  urthic  cubics  whiah 
have  a  triad  in  comiiion,  have  no  other  real  intersection. 

Now  we  Know  that  two  cubics  intersect  in  nine  points, 
and  that  if  the  curves  given  by  the  equation 

really  constitute  a  pencil,  ther^  must  be  six  iniaginarfci 
points,  the  coordinates  of  which  satisfy  the  equation, 
whatever  the  value  of  T.  Let  us  form  the  following  table 
of  coordinates.  The  real  imtersections  are 

It  is  eviJont  that  eacli  of  the  following  points, 
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1 


^'•=  V.       ^  "  r^' 


satisfies  the  equation,  irxdepeniently  of  T.   These  points^ 
th9  six  in.aginary  intersecticns  or  the  pencil,  &re   the 
antipoints^-^^ obtained  by  selecting  pairs  in  all  possible 
v/ays  f  rcn.   o^ ,  ,^  ,  \  . 

The  figure  of  nine  points  in  which  lwo  or^hic  cubics 
intersect  nay  be  regarded  as  an  extension  of  the  orihocen- 
tric  four  point  determined  by  two  equilateral  hyperbolas. 
It  is  convenienL  to  extend  the  teriL  oruiocentric  to  such 
a  figure.   Resuming  the  results  obtained  above,  we  have: 

'tilien  three  of  the  points  of  an  orth ocentric  nine-point 
are  a  triad  of  ^i^^  the  orihic  curves  throui^h  ahoa  the  nine 
points,  the  remaining  six  points  are  imaginary,  and  are  the 
antipoints  of  the  three  real  points.  The  centroid  of  the 
nine  points  is  the  centre  of _ every  orthic  cubic  through 
them. 

It  13  convenient  to  spaaX  2)f  a  set  of  orthoceniric 


(1) 

Cayley.   Collected  tiaLhemaiical  papers,    volume  VI., p.    499. 
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points  ..eteSfflinea  by  a  central  pencil  as  a  central  set. 
Since  any  theee  points  determine  a  pencil  of  orihic  cubics 
or  which  they  are  a  triad,  any  three  points,  tfiih  all  their 
antipoints,  forni  a  central  orUioceniric  nine-point. 


XIV. 
We  shall  no^  attac>.  ihe  prcblem  oi  finllng  the  foci 
Of  the  orthic  cubic.  ^''^'' '   -fAi  iw^.n^^.^  a  fe»v  A'ords  as  to 
the  way  in  which  the  foci  of  a  curve  appear  in  analysis 
A'ith  conjugate  coordinates  -Mfjf-^-Pt^^^ hr\   Qut  or   r^'f"^.   The 
I'ocus  of  a  curve  is  the  intersection  of  a  tangent  fr  m  one 
circular  point  vath  a  tcingeni  from  the  other  ci-^CKla."  point. 
In  other  words,  if  the  circv-lar  rays  fron.  a  point  are  tan,ient 
to  a  curve,  that  point  is  a  focus  of  the  cu.^ve.   liow  the 
equation  of  the  circular  rays  from  a  p  int  <x';o<,  is 
(X-  «->(  X"— ■3<>^=  o 

Therefore  one  of  the  lines  is 

^  _  ^  =  o  , 

and  the  other  is 

Suppose  the  equation  of  the  curve  is 

Now  ir  ohe  circular  ray 

J(  -    ^  =    <J 

is  tangent  to  the  curve,  then 

t-ne  eliCiinant  o  ■  x  bet.veen  these  two,  will  have  equal 
roots.   But  since  ihe  equation  of  a  real  curve  must  be 
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seir-con_lu2ate.    if  this  has  tuc  coincident  roots  ihen 
~^    ("W  \)=  o 

iiiust  also  have,   and  the  point   c^i^  ,  is  a  focus.        Ii  follo//s 
thdt  to  find  the  foci   of   :i  curve,    :Un-.-;ii"j  'Aiiu.y   iinb  ii^i:judi,io=g 
.in   iar.nJii__.^LL   u u ui'd ilia  1^5- ■   vfe  have  n.erely  to  find  those 
values  of  x  tvhich  ma^e  tfvo  values  of  x     coincide.      They  are 
the -c£ier£d±agctes-  of  the  foci.       Let  us  apply  this  method  to 
the  orthic  cubic.  The  equation  may  be  takeii  in  the   rorm 

Where  yj     is  a  real  parameter  and  the  director  line  is 

Ther~e  relations  imply  the  conjugate  expression 

Tfio  values  of    "x       become  equal   ivhen       ^^ 'X=  o  ,    i,e,    »vhen 

or  

These  values  of  "x   occur  when 

or  —   _i_  ^ 

'^    ~     — ^7" 

Either  of  these  values  of  A      «vhen  substituted  in 
gives  three  points  tvhich  are  foci   of  the  cubic. 
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There  are  ,  In  general,  six  real  foci,  tfhich  fall  Into 
tiffo  seti-  of  three.   Each  set  of  thre  corresponds  tc  a 
single  colnt  of  the  Zrtplane  and  is  therefore  a  maximum 
inscribed  triangle  of  one  of  the  ellipses  described  above, 
XV. 

If  we   eliminate  the   parameter  bet*veen 

and 

^Q   get  the  equaiioii  of  the  line  J"  , 

Now  suppose,  for  a  mou.ent,  that  this  line  does  not 
contain  either  of  th  branch  points  Z=    ■:±-X.Then  if  itfe 
put  "z"  =  ±i.  in  the  equation  of  xhe   line,  ani  solve  for  z 
'*e  get  a  value  iffhich  is  not  the  conjugate  of  :2l  ^  but  Is 
■<-he  zHccior-.lii't^U^  of  the  reflection  of  the  point  z  =  ^i  in 
■Lhe  line  c5tn_sidered.    The  thre.  points  in  the  x-plane 
got  by  putting   J(=  ~^^^J:     in  the  equaiion 

X^~    3  A  =  t  ^ 
tire  the  points  mapped  in  th?  z-p"ane  by  the  reflection  of 
Z-i-l  -n  the  line  ^  .It  follo//s  that 

The  real  foci  of  the  orthic  cubic  ivhich  corresponds 
"^ ^i_a  given_Iine_a re  the  six  points  which  correspond  to/ihe 
Reflections  in , that  line  of  the  branch _p oints. 
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If  the  director  line  pass  tiiroujii  one  or  tiie  pranch 

points,  (i.e.  .  ir  ^::5^A  is  real),    two  foci  coincide  to  roi''^. 
a, 

tr.e  node,    ana  the  reniamina,  one  of  that  set  of  tnree  is  on 
thu  curve.       One   ffiio  looKs  at  the  matter  froiu  the  point  or 
viekV  of  tne  Rieruann  surface  luight  be  surpi'^isea  that  a  branch 
point  is  to  be  reflected   in  tx;e  line  in  each  sheet  of  the 
surface,    and  not  in  the  t^-o  sheets  alone   ivhich  it  connects. 
A  niO.uents  consideration   .vill  shovv  thiat   ..'hether  or  not  t»vo 
x's  coincide  on  A    alone,   ana  tiiat  either  of  three  values 

A 

Of  X  ^ives  y\  a  particular  value.   It  is  clear  that  the 
reflection  a.ust  be  in  every  sheet  of  the  surface. 

In  general,  the  ortr.ic  cuoic  is  or  class  six.  Since 

OlVo\»v  vw-rtVTV'^'-  c^^"«v^^cv>r  yicvvCTi, 

it  cutr  the  line  at  infinity  in  three  points  lit  cannot 
contain  one  or  the  circular  points  except  as  .1  point  of 
inflection.   There  should  be,  therefore,  six  tantgents  from 
each  of  the  circular  points  and,  consequently,  tnirty-six 
foci.  The  thirty  foci  still  to  oe  accounted  for  are  the 
antipoints^  "^of  the  real  foci,  paired  in  all  wais.  When 
the  cubic  has  a  node,  it  is  of  class  four,  and  has  but  four 
real  foci.  The  node  tnerefore  ta.ies  the  place  of  tne  t.vo 
foci  vvnichi  coincide  there. 


(l)Salmon,  Higher  rlane  Curves,  thira  edition, p. ,122. 
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The  circular  rays 

X   -     o(^     = 

c 

X    -  ^^  - 

o 

and 


iue^x   at  0(^1(^,^0   *ve  iiiay  represent  the  xhirty-six  foci  of 
an  orihic  cubic  by  me  scheiT.e  ol"  coorj-inates:   <^l,'^*  • 

<vhere  1  ana  J  run  from  1  to  6.   It  folloyvs  ihai  Lhecentroid 
of  the  v^rhole  ihir..:,-six  is  the  ceniroid  of  me  six  real  ones, 
thai  is,  ihr  centreof  the  cunse.   Consider  ani  selection 
of  th.-'ee  foci.   All  their  antipomts  are  foci,  ani  the 
nine  points  t...gethe-->  n.aAe  up  a  central  orthoeentric  set, 
XVI. 
Th  e  _Xo  c  i  _olLjJ  ]^yie  _goJlic._Cjy_b  i  c  3  j![i^ 
ml i4  ^ fi I  lie  ^n  t ^o _ca^singl4s _jmi^h_ha v^_Uie LC._fkSi_ai 
(X    p>  and  y  '  and_are  ortho^gonal  to  the  _orthic_ciLry:e£. 

iV3  xmov  that  these  cubics  correspond  to  all  the  lines 
throUf^h  a  point,  and  that  their  foci  correspond  to  the 
reflections  of  the  branch  ^.oints  in  those  lines,  i^fo//  the 
reflections  of  a  fixed  point  in  all  the  lines  through  a 
second  point  lie  on  a  circle  which  goes  through  the  first 
point.  Accordingly,  the  foci  of  the  cubics  >vill  lie  on 
the  curves  ivhich  are  the  maps  in  the  x-plane  of  t.vo 
concentric  circles  in  the  z-plane.  The  centre  of  these 
circles  maps  into  the  triad  comrLon  to  all  the  cubics. 
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and  tho  circles  Lneniselves  Hidp  into  t»v'u  caGsinoids  of  tlae 
sixtii  oraer  aboiit,  ine  triad,  as  i»i.  Lucas  lias  siio/m.  ^-'■^ 
iiiach  or  the-  circles  g^oes  liirougrj  ane  or  LUe  brancii  points, 
and  Lhererore  eaci;  of  ihe  cassinoids  must  have  a  noae. 
Ix  the  point  //liich  corresponds  to  the  tri/id  °<  ft  y    is 
equidistant  f.-'oiu  the  t^o  branch  points,  the  t»\ro  circles 
and  also  the  t^iro  cassinoias,  coincide.   In  ihis  case  the 
Lhe  latta:"  has  itvo  double  points. 

The  lines  which  correspond  lo  ihe  cubics  are  .11  pex"^- 
pendicular  to  Lhs  circles  iviucii  correspond  to  tne  cassinoij-s 
and  so,  Di  the  principle  or  onhogonality,  the  cassinoids 
are  orthogonal  trajectories  ox  the  cubics  or  the  pencil. 
XVII. 

I  shall  close  this  study  of  the  flietric.-u  properti-s 
of  the  orti.ic  curve  of  the  third  order  b;,  sho.vin^  that 
froiL  the  point  of  vie//  of  projective  geometry  the  orthic 
cuDic  is  really  a   general  cubic.  Any  proper  plane  curve 
of  the  thira  order  c^n  be  projected  into  in  orthic  ..urve. 

,.e  Kno//  that  the  points  of  contact  of  three  of  the 
six  tangents  to  a  cubic  curve  rron.  an,,  point  or  ito  Hessian 
lie  in  _.  line.  Jo^v  these  three  points,  3:1'  .rjal,    considered 


(1) 

Geon-etrie  aes  iOlynomes,   Felix  Luc-..s,   Journal  de 

I'Ecole  Polyt-rchnique,    t., XXVIII,    p. ,5. 
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as  a  binary  cubic,  have  a.  lUiLi^iiiu-^,  Hessian  pair.   iT  Liiis 

pair  of  points  be  projectea  lo  the  cii^cular  points  at 

inri_nity,  ine  three  tangents  becOiiie  equally  inclined 

asymptotes,  and  the;^  continue  to  iieet  in  a  point.  The  . 

cubic  curve  is  then  fl^rthic,  and  th.e  tra.isrorj.atlon  is  tiien 

accoruplish2d.  This  projection  only  .^equires  tivo  points 

to  ^0  into  tivo  jiven  points,  and  can,  the.-^el'ore,  al«'r;.ys 

be  ii.ade.   In  projective  >;^eGiLetry,  the  ortnic  cubic  is  any 

proper  plane _ cu bi c . 

As  an  illustration  of  the  ivay  in  rfhich  inforiuation 

about  the  orthic  cubic  appl^ys  to  cubic  curves  m  -general, 

let  us  see  rfhat  the  characteristic  property  that  the  asyiu- 

and  equally  inclined, ( i. e. ,apolar  ^ith  I  ana  J.) 
ptotGs  are  concurrent in-eans.   The  circular  points,  I  and 

J  are   a  pair  of  points  apolar  vvith  tiie  curve.      Tneir  join, 

the  line  at  infinity,  ..iiieets  the  curve  in  three  points 

such  that  th3  tanggents  at  these  points  iLeet  in  a  point, C, 

f  1 ) 

of  the  Hessian.  Now  «ve  ^^no//^  '^that  such  a  line  ni^ets  the 

Hessian  in  the  point  <^hich  corresponds  to  C.   This  leads 
to  the  theoren.  that: 

The  line    i^inin-   ttfo  poin t s_ ^a 2.0I a r. _ .vl t n ^ a  c u b i c  curve 
-meets  the  cjibi c_in _th_eG  _^oint s L_the  jL^n^en ts _at _i(Vhi ch 


(1) 

bal:-on,  Higher  Plane  Curves,  t.^ira  eaition,  articles  73 

and  175. 
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iLeGL  in   1  point  or  ine  Hessian,    and  are  ap_Glar   tfiLn  tne 
«;Vo  polnis  a^iolar   tfiUi  ine  curve. 

The  llnG   Jolnintj  l./o  points  apola.'  ^Itii  acuDlc   curve, 
ana^taa^ent  to  tne  cubic  at  -j,  point  or  this  line,   lueet 
the  Hessian  of  tiie  ^ilven  cubic  in  cor/'.^opondins  points. 


A  moTG  novel  result  is  the  folloffing.      we  have  seen, 
(XIV,    P.28.),    that   uie  r..ci   ol"  an  orthic   cudIc  I'all  into 
ttvo  sets  or  three,    in  such  a   way  that  the  tffo  sets  are 
triangles  or  i:.dxiituui  area  inscribed  in   l^to  conrocial 
ellipses.     Now  ir  ive  consider  tanjents  rron.  I   and  J  instead 
of  foci,    .ve  have  the  followin;i  tiieorem. 

If     a     ana     b     are  a  pair, of  points  apolar  tfith  a 
cubic  curve,    then  Lne  tangents  fron.  eltner  of  these  points, 
say     a   ,    f^ll  into  tivo  sets  of  three   xn  such  a  tfa:,    that 
the  line     ab  has  the  saniei  polar  pa i r _gf  lines  as  to  each 
set  of  three. 


( 

(T) 

On  the  Al^eoraic  Potential  Curves,   i^r.iidrfi.^a  Kasne.^, 
Bulletins  of  ti.e  AiLerican  Matiieii.aticai  bociet  ■. ,  June, 
1901.   p., 303 
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PART   T  V.  O 
ORTHIC  C  U  R  V  h  ij     or  any  GRJi^R 
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PART      T\iO. 
Onnic     Curves     of     an;.     Qj^ier, 

I. 

In  the  pr  cc.iing  pages,  ne   nave  studied  the  netrical 
properties  ol"  tne  orthic  cvbic  in  soiue  detail.   In  the  fol- 
lOiVing  ;ortion  of  the  worA  I  shall  indicate  an  extension 
of  the  lore  iiiportant  results  obtained  in  the  study  of  the 
cubic  to  ^rihic  curves  of  any  ordex". 

The  general  equation  of  the  n"^^  degree  betiveen  x  and 
T  contains -i- v\(VA-\^  ..ro-iuct  terniS.   I  f  it  io  to  represent 
an  orthic  curve  ihe  coefficients  of  these  leca.s   ikust  be  mad,e 
zero.    In  other  words,  to  ;i.aK.e  a  curve  of  the  n"^--  order 
orthic  is  equivaleni.  to  mak.in.__  it  satisfy  -^v\  v\-»   linear 
conditions.   Arier  this  has  been  done  there  rGiLain  2n 
degrees  of  freedOii-,>..t_ov-e'--dis,  .. ,. L\-;-e?i. 

xl. 

The  Xinematical  definition  ivhich  .ve  obtained  for  the 
orthic  cubic  ...ay  be  extenaed  to  curves  of  an^v  order:  that  is: 

The  path  of  a  point  ffhlch  move s  so  that  its  orientation 
from  n  fixed  points _is.  constant  is  an  ortiiic  curve  of 
order  n. 

If  c\^,ct,---  o(^    are  the  fixed  points,  the  condition  on  x 
is  expressed  by  the  relations 
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and 

Tliese  lead  lo  tne  equation  of  the  curve, 

mere  ine  S's  are  tne  elementary  syiiiiLetrlc  coiLbinaiions 

or  tne  ^s.This  is  the  general  equation  of  an  orLnic  curve. 

If  fie   taAe  x-  '/v(-&,  lor  a  nevv  origin,  ^the  equation  beconies 

The  asyZiPLOies  are  the  n  equally  inclined  line;  given  by 
tne  iactors  of  the  niches t  terms, 

These  lines  all  pa  s  thrcu-gh  the  origin;  it  follo«vs  that 
tne  centroid  of  the  n  points  (X^  ■       is  the  centre  of  the 
cui-'ve.    Since  every  o.^ihic  curve  can  be  brought  to  the 
above  fonii,  ^e   see  that  every  ortnic  curve  is  equilateral. 
The  converse  proposition,  Every  equilateral  is  orihicis 

not  true.   The  general  equation  of  an  equilateral  niay  be 

Tput  in  the  forni 

where  ^(axI  is  a  perfectly  general  function  of  degree  n-2. 
^     Contains  l/2(n-2)  (n-""')  product  terms,  ^hich  must 
vanish  for  the  curve  to  be  orthic.   To  maKe  an  equilateral 


3G. 
curve  ortnic,  is, therefore,  equivalent  to  ikakine  1l  satisfy 
l/2(n-2)(n-3)  llriGar  conditions.   For  n  =:  2  and  n^3  this 
nu.iiber  is  zero,  so  ihe  equilateral  conic  and  cubic  are 
onhic.  For  the  quartic,  this  says  tnat  to  be  orihic  is 
one  condition, 

xll. 

The  relation 

(X-  ^, )<  V-  >z)'{^-'^u)^^'r,  =   ^^ 

nay  be  regarded  as  maping  a  line  through  the  origin  in  the 
z-plane  into  the  orthic  cux^ve  in  liie  x-plane.   The  i^ethods 
of  analysis  ^hich  *vere  used,  in  the  paragraphs  referred  to, 
in  ihe  study  of  ihe  orthic  cubic  n^ay  be  exienaed  to  any  n, 
ana  lead  to  the  follosving  general  theorefl.s. 

On  an  orihic  curve  of  order  .n  there  is  a  single 
infinity  of  sets  of  n  points,  n-ads  of  the  curve,  froiL 
which  all  points  of  the  curve  have  the  sauie  orientation, 
All  the  n-ads  have  the  same.ori entation  froiu  any  poin;^  of 
'  ^  the  curve  .  (Pan  One,  VIII.). 

Any  n  points  may  be  laKen  as  the  an  n-ad  of  an  orthic 
curve.   If  ive  taiie  n  points  of  the  unit  circle  as  an  n-ad, 
and  find  ine  r^iLaining  intersections  of  tiie  circle  and  the 
curve,  ive  see  that  they  are  the  vertices  of  a^polygon.  (Part 
One,  XII.). 

Every  circle  through  an  n-ad  of  an  orthic  curve  of 
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0C-^gr-_n  greets  ilie  curve  a^aln  In  the  n  vertices  of  a 
regu 1 ar  polygon.  « 

Tlie  centre  or  an  orthlc  _curve_is_jUie_c.enxroid.^every 
n-ad  of  the  cu rve . 

For  ivhen  the  equation  is  ta^en  in  the  form 

the  origin  is  xhe   centre  of  the  curve,  ana  is  also  the 
centroid  of  the  n  points  ^hich  corr93ponl  to  a  point  z. 
This  equation  will  nave  two  colncideni  rooLo  vvnenever 
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J3  t  ~   v|  A    -+-  VI.  vi-ia^    -«----   =  o 


In  general,  this  svill  give-  n— 1  branch  points  in  the  z- 
plane.  Lich  branch  poiir.,  .vhen  refleciea  in  the  ai.^GCLor 
line,  gives  rise  lg  n  i^eal  foci;     IT  ihe  line  j  revolve 
abouL  a  point,  each  reriection  jeneraies  a  circle.  All  n-1 
of  these  circles  are  concentric;  and  they  luap  into  n  — 1 
'c  a  s  sinoivls  '/hicn  are  the  loci  of  the  foci  of  the  curves 

«yhicii  nave  the  n-al  .vhich  corresponds  to  tne  centre  or  the 

cassinians 
siste.i.  of  circles.   These   .. :  o  are  orthogonal  trajectories 

of  the  central  pencil  of  ortnic  curves.     oince  each  of 

the  circles  itust  contain  a  branch  point,  eaci.  Q'assiniaatruust 

have  at  least  one  noae. 

IV. 

V«e  Ano*v  that  >ve  niay  put  2n  line  .r  coniitiuns  on  an 

orthic  curv-.   If  we  ii^aAe  it  go  througi;  2n  points  of  the 

unit  circlc-j  its  equation,  expressed  in  tei-'iiiS  of  the 

points   iVhere  it  iteets  tiie  circle,    beco.ies 

where  the  'o^ ^  are  tne  3y.iia.etrical   sua.s  of  the   t's. 

The  centre,   got  by  equating  the     w~\       derivitive 
with  respect  to  x  to  ^ero  is 

X     =       ^     ^, 
Tnis  IS  the  itia-point  of  the  stro.ie  froa.  the  cen-.re   of  the 
circle  to  tne  centr-^id.    of  th=r  2n     poi:its. 

The  equation  of  an  asyrtptote  now  la^es  the  foriu 


(1)        Part  One,   XIV. 
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V. 

Th9  iLethod  (irnicii  I  have  proposed  (pan  One,  V.)  for 
tne  construcxion  of  an  oriir.c  cubic  niighi  be  extended  to 
tne  construction  of  any  orthic  curve.   For  this  purpose 
the  instruinent  must  have  n  hands,  moved  by  n  wei^jhts. 
The  centre  -^  gravity  of  anji  number  of  iveights  could  be  V\eAcL 
by  Joining  them  together  in  sets  of  thr^e  or  less,  and 
then  Joining  again  the  cenrres  of  gravity  of  tnese  sets. 
This  operation  could  be  repeated  until  the  required  nupaber 
of  Kveights  is  reached. 

VI. 
The  geometrical  characteristics  of  a.i  orthic  curve  of 
ord e r_n _a re  that  it  is  equilateral,  and  that  it  intersects 
its  asymptotes  in  goints  of  a  second  orthic  curve  of _  order 
n-2. 

For  consider  the  orthic  curve  referred  lo  tiie  centre. 

The  asymptotes,  »vhich  are  given  by 

are  congruent  and  equally  inclined,  so  the  curve  is 


'    X 
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equilateral.  The  points  comiiiOn  to  Lhe  curve  and  its 
asi'n.ptotes  lie  on  the  curve 

But  this  cur  e  is  or  order  n-2,  and  is  orihic. 

To  requii^:-  a  curve  to  be  equilateral  is  lo  impose 

2n-"'  conditions,  and  to  require  the  curve  or  order  n-2 
alon^  \vhich  it  cuts  Ilg  asyn^pLOies  to  be  orihic  is  to 

iiLpose  l/2(n-2)(n-3)  furuier  condiLions,  in  all  l/2(i(n-l)). 

But  l/g^(n-l))  is  the  nuaiber  og  condi Lions  requirea  to  maiie 
a  curve  o  order  n  orthic. 


fART  THRit-i:. 
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PART  THREE 
fiiirciLL  DET_RiaIi(i^  by  tn^   ORTHIC  CURVEb 
and 
ORTHOCMTRIC  SETS  OF  POINTS 
I. 
We  shall  uo^'  taiie  up  the  stuiy  of   the  pencils  of 
curves  determinea  by  t/fo  onhic  curves.   The  ihaln   purpose 
Ox  this  investigation  shall  be  to  learn  #hat  we  can  about 
th£  figure  of  n'points  in  which  t=vo  onhic  curves  inter- 
sect.   Such  a  figure  of  n  poins  ^e   shall  call  an  Onho- 
centric  Set,  or  an  Qrihocentric  n-point. 

There  is  a  well  ^noffn  proposition  that  all  tne  equi- 
lateral hypex^bolas  (  orthic  conicc  )  ivhicn  can  be  circuru- 
scribed  to  a  given  triangle  pass  throu.^h  the  orthocentre 
of  the  triangle.  The  four  points,  the  vertices  and  the 
orthocentre  of  a  triangle,  or,  .vhat  is  the  saite  thing,  the 
the  intersections  of  tz/o  orthic  curves  of  the  second  order, 
have  tne  property  that  the  line  Joining  any  t»70  of  them 
is  perpendicular  to  the  line  joining  the  other  ti^ro.  The  tern, 
orthocentric  is  applied  to  a  set  off  fouit   points  related  in 

this  vvay.  <i\e   ivish  to  find  out  //hat  iLetrical  property  dis- 

2 

tinguishes  the  n  -point  in  ivhich  ttio  orthic  curves  or  or^der 

n  intersect. 
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II. 

The  rirsi  e^enerdlizatlon   .vnl  cj^   fie  shall  OiExie  ii;   to 
shc»v  liiai  diiy   p;.ii"  or  points   «  ,  (^.tOj^euier  iviih  iheir 
anti-points   o<,(5    .-inl  ps,«    forn.  an  ortni-e  Tour  point,     oc 
anl    (^  deterrame  a  central  pencil  or  orthic  conies 
(X  ~    o()    (X-  ,^>  =  -Ti  A  -■^)(A-   P), 

and  the  ami-points  a.^e  evidently  on  all  iha  curves  or  ihe 
pencil. 

Ix    ive  consider    T     as  a  paraa.eLex'*  in  the  .jeneral 
equaLion  ol"  an  orinic   curve, 

-ye  obiain  ihe  equati.-.n  of  all  the  curves  or  ivnicii    '^,,-'    ^^ 
is  aj^'undaiienial  n-aa.  Tlie  points  or  ihe  ori-hocentric 

n'^-point  deteraiinea   oy   this  are  me  n  real  points    oc^--  -  of^ 
and  all  their  anti-points.      3ut  as  the  pencil  is  aete.^Linej. 

b^,  the  n  real  points,  it  I'^llo-'/s  that  Any  n  points,  tfiLh 

central  o 

all  their  anti--!:oini5,  fo-.  a  orthocentric  n-^-point. 

m 

The  ceniroid     of  the  i^l— point  ueiarstiined  by  a  central 


pencil  IS 


>c  =  -^xr""^.  ^  ^^^"-  ^  ^- 


This  is  Ljie  centroid.    of  the  n  real  points,    and  it  is  als( 
the  centre   of  the  pencil.  The  r.al  ana  iiuaginary 

foci  of  any  curve°''an  exaniple  of  a  central  orthocen.ric 

set  of  points. 
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III 

Wr.  nave  seen  that  six  points  wx  a  circle  deierniins 

an  ortnic  cubic  curve.   If  tiie  six  points  are  t  ,t  ,t  ,t  ,i  .i 

l'    2      ^     H  '    8' 

tlien,    as   ^e  nave  seen,    the  equation  of  liie  oriiiic  cubic 
through  theru  is 

Ir   fie  -"eplace  Xq     by  a  variable  paraii^eier     t,   and  put    cr'_s 
for  the^symnietrical  coiiibinations  of  L^'--t5^      ,^6  have 

S,   ^  <r^.+  to;,         ^^  =  r.-^  . 

If   rfe  iLaKe  this  substitution   ive  ^et 

This  is  the  equation  of  a  pencil  of  o.-^tiiic  cubics  through 
five  point i;  of  a  cir'cje. 

The  centime  of  the  curve  through  six  points  is     >  ~  ij  S>^ 
If  the  sixti-  point  ii.oves  arouni  the  unit  circle,    this 

becon.es  ,   .  ^ ^^ ■^'•^cxA- 

This  is  the  map  equation  of  a  circle  .   he  have  thus  the 
t i  1  e o r eiL :  Th e  locus  of  centn^-s  of  the  orth ic  c uoics 
through  five  points  of  a  circle  is _a  _ circle.   I ts  radius 
is  on 3  third  tiiat  of  the  ^^iven  circle,  ana  its  centre  is 
the  point  ~  <r. 
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(1) 
M,  Serrei  gives  an  elegant  synthetic  proor  of  the 

theore.„  that  the  locas  of  cenirss  of  the  curves  of  a 

pencil  of  equilaterals  is  a  circle.   :  obtainei  the  saiue 

result  for  orthic  curves  independently,  ana  as  the ^analysis 

is  so  lireci,  it  seeiiiS  advisable  to  let  it  stand. 

I  shall  noirV  prove,  for  the  pencil  of  orthic  cubics 
through  five  points  ofa  circle  ,  .  theors.:.,  ffhich  xu.SerreJ-^^ 
state.^.  svitho'JL  proof.   The  theorem  refered  to,  when  statea 
for  orthic  cubics  of  the  pencil  undeTaiSoLi.ssion.becOii.est 

The  curve  enveloped  by  the  asymptotes  of  all  _the 
orthic  cubics  through  five  points  of  a  circle  is  an  hypo- 
cycloid  cf  orde."  six  and  class  five.   It  is  circu::.scribed 
to  the  .entre  circle  of  the  pencil  and  its  cusps  lie  on 
a  concentric  circle  five  time^  as  large. 

We  founa  that  the  equatiojj  of  an  asymptote,  in  terms 
of  the  six  points  \vnsre  the  curve  cuts  ti:e  unit  circle^  is 

If  ffe  replace  tp  by  the  parameter  t,  tuis  becomes 


We  seen  the  curve  enveloped  by  this  line,  as  t  runs  around 
the  unit  circle. 

For  the  sa^e  of  simplicity,  let  us  refer  this  equation 

bur  lei  faisceaux  reguliers  et  les  equilate.^es  a'crd-^e 
n.   Paul  .ierr^t,  Compteo  ?.endU3,18C5.  t.l21..  p., 373, 375. 
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to  a  nei7  siSLen.  ol*  coorainates.  so  chosen  that  ihe  cenire 

circle  or  ihe  pencil  becomes  the  ne^v  unit  circle.  The 

equation  becoa.es 


X  -  -t  ->-  "^\  cr--t  (  >«  -  ^  >-  c 


3, 


11'  nc*v  «ve  taAe  an  axis  of  reals  .Yhicn  rLaties  ^-  =^  ^  'ind 
ani  also  put  Y    for  "t  ,   ^e  havs 


The  map  equation  of  the  curve  envelope!  oy  this  line  is 

by 
obtained  equating  to  zero  the  result  of  differentiating 

.vith  respect  lo  T  .  It  is 

This  is  a  curve  of  double  circular  motion.  The  curwe  is 
of  order  six, for  it  mee is  ahg  line  , 

CL 

X    - 


^here 


©r 


I-  t  ' 


TTii?^"-  cuT^-.  sr-  3  =r  O 


This  gives  six  TS,  and  therefore  the  curve  is  of  tlie  sixth 
order.   In  order  to  determine  ti.e  class  of  the  curve,  ne 
must  examine  the  equation  of  a  tangent. 

This  is  of  the  ^^«ts-  fifth  degree  in  the  parameter 
and  there  are , therefore  , five  tangents  from  any  point  x 

The  stationary  points, or  cusps,  are  the  points  //here 
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the  velGciLo'  or  x  is  zero.  For  such  a  point,  *ve  riiust 

have  ^*  ~   o,  an--i  ij:..,vil7  .p.ox:,a  .'1  j''  iitf"^'  at  the  saiLe  tiru^^T\=, 

Both  these  conditions  are  satisfied  by 


»   = 


-:i_ 


The  curve  has, tiierefore-    five  real  cusps:    one  i/\rhen   T   is 
Qt  the  fifth  roots  of  .lanus  one. 

put  s- 

If  v\re  K  = -1  ,  ..e  get  a  cusp, 


Since  ^multiplication  b^;  K  i.^  equivalent  to  a  rotation 
^-^  'Ve  see  that  the  locus  of  cusps  is  a  circle, about 
the  centre  of  the  pencil,  and  five  ti/ues  as  lar^ie  as  the 
centre  circle.   A  rotation  cJT  sends  each  cusp  into  another 
and  so  the  cusps  are  equally  spaced  along  the  cusp  circle. 
The  intersections  of  th.e  hypocycloia  »vith  the  centime 
circle, 

are  obtained  by  solving  \='\-^   ror  t. 
We  have 


and 
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The  pararaeters  of  the  points  son^ht  are  the  roots 

in- 

There  are  five  pairs  of  coiiicidcni  intersections.  3ui 
since  x  cannot  be  less  than  1,  it  follo.vs  ihai  the 
curve  is  ta.i^ent  to  the  circle  in  .ive  places. 

/*e  have  obtained  this  hypocycloia  as  the  locus  of 
one  asymptote.  But  all  three  asymptotes  envelope  the  same 
curve,  for,  if  we  put  c»->  for  ^^- ,  A-e  get 

X  =  ts  tAj  r  —  2.  I 
This  has  a  cusp  at  K'^X=b~;  it  is, obviously, the  same  curve. 
V  . 

The  equaiion  of  a  tangent  to  the  curve  is 

That  of  a  perpendicular  tangent, 

These  t.vo  lines  me^^t  at 

In  othe."  ivords.  Perpendicular  tangents  to  ine  envelope  of 
the  asymptotes  meet  on  the  centre  circle ^ 

We  have  here  a  verification  of  the  Knov/nproperty  of 
the  hypccycloid  of  this  cl^ss  Lhai  the  tangents  fro;L  a 
a  point  of  the  vertex  circle  are  all  real,  and  form  ttvo 

(X) 

regular  pencils. 
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VI  . 

T.et  us  no.v  consider  the  figur:  of  nine  ortnocentrlc 
poiritG,  five  or  .V-  icli  are  on   a  circle.   The  equation  of  tna 
pencil  of  o^^ihic  cubics  through  five-  points  or  i  circle  io 

-h  (^cr^  ^  1  or  )  T  -  (^0-^-  ^-1-  ^  ^  x^-H  l.  g-^.  t\^  o  . 

We  .moAT  live  of  the  points  of  the  ortliocentric  nine-p>_lnt 
detern^ined  by  this*ei«ft*es  pencil,    and   ffe  see^  the  remainia^j 
four.        -.ev^frite  the  above  equation  as 

or 

v^  V -  1. > c  >'''-  <^  ^ -^ ^i ) -»-  i±'s-\y(<n,-  cj-^x -»-  (r^-ir ^)  =  o 

Noff  if  both 

and 

can  beconie  zero  for  conjugate  values  of  x  and  T  ,  then 

"tfees-  those  values  are  the  cooi^dinates  of  a  raal  point  q& 

itfhieh  is  on  every  curve  of  the  pencil,  and  is  one  of  the 

nine  points.   if  .ve  put  <T^.  =  l.  ,  as  .ve  xi^ay,  these  t.vo 
relations  beconie 


and      : 
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(57  ■•■  t  tj;  -  "^  ^1. 

"x      = 

(T   -t-  <a;^_M-5t^ 

4. 

2_ 

cr,  -  <cr;^-  M<r^ 

■^  —    (^-  M  ?-^ 

2. 

a_ 

Tlie:e  are  conjugate  equations  i.nl   so  can  be  satisi'ieu 
by  the  coordinates  of   r  al  points.   oOlving  theia  «ye 
get   a  pair  or  real  points; 

X,  = 

and 

But  runner,    ^e  notice  that  the   anxi^oints ,    ^m"*;., 
and    ^'i  ,  X    '    of  Lhese  luaKe  the  equation  of  ihe  pencil 
vanish  ror  all  values  of  ihe  paraiLetc-r.      They  are  the 
reuiainlug  points  of  tiie  orihocentric  n.:ie.    This  leaas  to 
the  theore.L  xhat: 

If  five  points  of  an  orthocentric  nine-poinL  are 

9J1  a  circle,    of  the  reiiiaining  four  points,    two  are  real , 

a  central 
t>vo  are  iiLa^lnary;    and  these  four  tor^  ^  orihocenLric 

four-point. 

The  centroidi  of  the  nine  points  is 

This  is  ihe  cenire  of  ihe  centre-circle  or  \'ae   pencil. 

o 

We  can  extend  these  results  to  ihe  case  of  n""  points, 
..  2n-l  of  (Vhich  lie  on  a  circle. 
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Tlie  pencil  or  orthic  cu-'vas  or  oraer     n     tvhicn  go  through 
2n-l    points  of  tiie  unit  circle  is  given  by 

ir^  let    ^^^_»  1- ,  this  becori.es 

is~rH  x^"-T,  >^'-"-^   r^  x""-"-^-  ^     =^<t-^.,  ) 

Now  since  the  coeiTicients  of  (  x  -  t  )   ana   (  "St  -  1  ) 
are  conjugate  forms,  there  are  n  -  1  real  points,  in 
addition  to  the  points  t^^tg  '•'•t^n-l  '  '"^^'^i^^"^  ^^^^  ^^   ^H 
tne  curves  of  the  pencil.    Further,  all  the  anti-points 
obtained  by  pairing  tnese  in  all  posible  //ays  satisfy  the 
equati  n  rcr  all  values  of  t  .   .Jo.v  «ve  Ano.--/  that  the 
(  n  -  1  )2  points  thus  found  form  .n  ortiiocentric  set. 
We  are  noiv  in  a  position  to  stat-3  the  rollo.ving  general 
theorer:^\. 

Ii_  2n  -  1  points  of  an  orthocentric  set  of  n^  points 

lie  on  a  circle ,  then  the  reaiainlng  (  n  -  1  ) ^  points 

g  central 
of  the  figure  fo?Ii:"j^~Srthocentric  -et  of  ./hich  n  -  1 

points  are  real. 

The  x's  of  tl;e  n-1  r^al  points  are  ti:e  roots  of 


;<  -  (T.  X 


^-5-^  <r  x^-^--^..  <r.  .  =  o  . 
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VII  . 

V\e  are  noiv  ready  to  consiier  tne  iLost  general  pencil 
of  ortMc  curves.    rorr^  the  equation 

where  t  is  a  paran^eter  */x.ich  has  the  absoli  te  value  -  unltj. 


NcA'  Tor   every  value  or  t  th.is  represents  a  real  ^rthic 
he  n"^'"^  order,  provlae.. 


curve  &f  the  n  '  order,  provlae 


or 


For  ir  this  hol^.3,    the  equation  can  be  put  in  the  xnoivn 

forrii  __ 

i\  ~  ^,  H  A-  ^i  >--  -  -  ^,  <.'^-  ^  .  )(.^~  '*-^)-'  ' 

:0W  let 

ti  _    I  M-  • 


x-'-^.x-'^..  *,-   -  ^,,.y--  «„--o, 


and 

be  the  equations  oi"  any  t.vo  real  orthic  curves.        Then 

and 
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V\e  can  choose  the  a's  in  such^a  .vay  thai  ihe  pencil 
urill  include  the  ^iven  curves,  (1)  and  (2),  for  the  4n-2 
equations 

just  suffice.    We  must  sho»v  notv  that  ivhen  the  coefficients 
a^determined  as  above,  all  the  curves  of  the  pencil  are 
real. 

:;o\iy  ^e   have 


a    =  a^  +  -1  .  a 


/ 


r 


and 

Fro^.  these,  ive  get 

and  therefore 

But  this  IS  the  condition  that  everj,^  curve  of  uie  pencil 
be  real.   It  is  clear  that  no  curve  not  orihic  can  be 
included  m  the  pencil.     ^o  we  see  thai  : 

An:;  t>Yo  real  orLxiic  curves  ^f  order  n  aetermine  a 
pencil  of  real  _cujives_of  ja]^_s3^ie_order  j^_ald^_c^^ 
grthic. 
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VIII. 

M.  Serre-t's  theore.u  (  part  Tnree,  IV)  on  the  locus  o-^  <rc«rtr< 
is  easily  verified.   The  centre  of  any  curve  of  the  pencil 
is 

No.v  i-f  t  is  regarded  as  a  paraii^eter,  txiis  is  the  niap 
equation  of  a  ci.'cle  Ari-.h  its  centre  at 

The  locus  of  centres  of  the  ...ost  general  pencil  ._of 
orthic  curves  is  a  circle. 

In  the  special  case  where  n  of  the  intersections 
of  the  p~ncil  are  at  infinity,  the  loous  of  cenires 
degenerates  into  a  right  line.   A  pencil  of  this  type 


Lay  be   ivciLLen 


U-.    X     -+-      A 


Where     A    is  a  real  paraiiieter.        The  locus  of  centres  is 
Tiie  eliiiiination  of   A    troik  this  and  its  conjugate  gives 
the  equation  of  a  ."ight     line. 
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IX. 

Let  U3  no.v  see--  the   curve  enveloped  by  tiie  asyriipiotes 
or  the  curves  or  a  general  pencil.   The  equation  or  an 
asymptote  of  the  curve  ^iven  by  t,  is 

For  convenience,  transi'orr..  to  \he  ceniro  of  ihe  pencil, 

.3^'  ,  is  a  ne.y  origin.    The   equation  becoiiies ^\^,^^ 

Putiing  '^*'  =  -t  .  ^e   gei 


-e.^rK. 


ana  finally. 

NOAT  the  iLap  equation  of  the  curve  envelopea  by  this  line 
as  T   varies  is 


-^.-^afT^^-V-a.r-"-' 


N2i»v  this   o-qgation  represents  a  curve  of  double  circular  fe 
motion.      ..e  Know  that 


and  using  it   rfe  get 


I  _  \-  vv  '  ^  ■M 


v^  X  =  vt  a,t;  r  -V  ci-v»^ 

Ae  t^  real,  anj.  then  regard 
le  unit  circle,  i.e.,  adopt  l^'l  as  tiie  unit  length, 
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the  equation   la^.e^  the  forn. 

I-  M 

This  is  -.he  equation  of  an  hypocycloid  of  xhe  Kind  round 
as  the  locus  of  asiinptotes  or  a  special  pencil  of  orthic 
cubics.   Its  vertex  circle  is  UiS  ^entre  circle  of  Lhe 


pencil.   It  has  cusps  when 


siruultaneously,    or  when 

V 


N     =    O   . 


The  paranieter^s  M   the  cusps  are  xhe  2n-l  rooxs  of  —  n_ 


If  rfe  let  K  =-A.    a   cusp  i: 


X  =  v\  K    -f  («-  n>  »< 


or 


The  absolute  value  or  a  cusp  is,  therefoiB,  2nr^l. 
ince  Lhe  equation  of  a  tangent, 

is  of  the  2n-l^"''  degree  in  ihe  j,ara.iieLer  ^  ,  the 

hypocycloid  isof  class  2n-l.    It  is  of  order  2n, 
K 

for  if  ive  eliminate  x  between  ;-he  equation  of  the 
curve  and  the  equation  of  any  line. 
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»V9  361  an  equation  of  ihe  2n'^^^  degree  to  .etermlne  the 
paraiLeters  or  the  poinis  of  intersection.  The  curve  meets 
ani^  line  in  2n  points,  an-;,  is  iherefore  of  order  2n. 
We  have  no*y  establishes  analytically  the  iheorem  state!  uy 
M,  _erret,  as  far  as  opthic  curves  are  concerned.  It  is: 

The  curve  enveloped  py  th^  syjiPtotes  of  a  pencil  of 
orthlc  curves  of  order  n  is  an  hypocycloid  of  order  2n, 
and  of  class  2n-l.   Its  vertex  circle  is  the  centre  circle 
of  the  pencil,  and  its  ma.mpa     cusp  circle  is  concentric  ujjAVi. 
tliat  circle,  and  2n-l  tii-Les  as  lar^je. 

If  ffe  bear  in  ndnd  that  any  difference  b6t.veen  an 
orthic  curve  and  any  equilateral  does  not  affect  the 

01  f  l^  ^ 

the  LeriixC  ihe  n^^^  and  n-l^^  degrees  of  the  equation, 
we  see  tnat  the  iLethod  of  proof  used  above  is  applicable 
to  equilaterals  in  general. 
X.  . 
It  is  a  well  Knownproposition  that  the  centres  of  the 
equilateral  hyperbolas  circumscribed  to  a  triangle  lie  on 
the  circle  through  the  mid-points  of  the  sides  or  the 
trianjTle.   This  circle  is  usually  called  the  Feuerbach, 
or  nine-point, circle  of  the  triangle.   Now  we  have  seen 


that  an  onhic  curve  ot  qvuqv     n  may  be  made  lg  satisfy 
2n  linear  conditions;  it  follows  that  any  odd  number,  2n-l, 
Ox  points  determines  a  pencil  or  orthic  curves  of  xhe  n 
order.  Connected  with  ihis  pencil  is  the  center-circle  , 
or,  as  I  propose  to  call  it,  the  Serret  circle,  which  is 
in  a  sense,  ihe  generalized  nine-point  circle. 

hvery  fi.^u.^e  of  an  odd  number  of  JP-0_ints_has_connecL.ed 
with  it  a  unique  circle;  The  Serret  cir..le,  »/hich'  in  ihe 
case  of  three  points,  is  Identical  with  the  nine -point 
circle  of  Feuerbach. 

Further,  every  odd  number  of  points,  2n-l.  determine 
the  pencil  of  ortnic  curves  through  Lhem,  and  therefore 
the  remaining  (n-1)^  points  of  the  orthocentric  n^-poini. 
In  the  case  of  three  given  poinJ,s,  this  sei  of  (n-l)*^ 
points  is  a  single  point,  the  orthocentre  of  the  given 
points,   bo  we  are  lead  lo  Lhe  theorem: 

To  every  figure  of  2n-l  points  belon^;:s  .a_fiaLr_e_Qf 

o 

(n-1)"  points. 

In  one  sense,  the  Serret  circle  belongs  to  n2  points, 
but  of  these,  only  2n-l  may  be  ta^en  at  random. 
XI. 

NoirV  consider  an  even  number,   2n,    of  points   which  do 


58. 

not  belonj  to  an  orthocentric  n'^-point.   Thei'^e  is  a  pencil 
of  orLhic  curves  through  every  2n-l  points  rvhicr:  can  be 
selected  fron.  tneai,  or  2n  pencils  in  all.  i4o«v  inese 
pencils  give  rise  lo  2n-   oerret  circles,  but  there  is 
one  orthic  curve  througr.  all  2n  points  anj.  its  centre 
is  on  eacli  or  the  circles,   ^s  have,  therefore,  the  result: 

The  2n  Serret  cix'^cles,  given  by  all  tne  sets  of 
2n-l  anions  2n  points,  meei.,  in  a  point, 
XII. 
In  section  VIII., itfe  obtained  tne  pencil  of  orthic 
curves  determined  bi  the  tsvc  ^^iven  curves, 
(1).     x^^-^.x--'-.  ^^x-^-..-.  x^,,-^-  V  x^V-=  o, 
and 
(2).      x"-  v/k--*-^  v\--1^.  .  v^'^^^x--V  ^'^x^=  o. 

We  no»v  «vish  to  show  that  the  centroid  of  the  orthocentric 
n^-point  in  which  these  tivo  curves  intersect  is  tne  centre 
of  the  centre  circle  of  the  pencil.   If  v/e  re^vrite  '1)  ana 
(2)  in  ternis  of  T  mq   get 

( 1)  .      (  IT-  X .  ■)  (  A  -  x-^  -  -  ^  C  '^—  ^-t  >  =  «  , 

and 

(2)  (  >  -  x/)(x-x^---  (X--  ^i)-     '^- 


59. 

ir  the  S's  refer  to  the  syiuLetriC-.l  ruricticna  or  the  roots, 
ive  have 


^'  =  'in-,^  •■    -^M-.^  ^^+.  ' 


Now  the  eliiuinant  or     x     betivsen  thesfe  two  equations  is 

(  \-   v'  )(  \ -  "^O- -  -  -     C^x-  <  ) • 


This  is  a  function  if  degree  y\  m  x  ,  and  as  x  occurs .x/>/«^ 
S,^  and  5^  alone,  «ve  n.sj-   consider  only  those  te-.\^s  in 
rfhich  the  products  ^^    and  S^^  appear.   These  are: 

or,  in  terii.3  of  x, 

V*hen  Lhis  is  expanded  and  arranged   in  po^^ers  of     x  ^  the 
first  and  second  terniS  are 

Hfltw  the  sUiL  of  the  roois  is 


(T^    =   n 


1^ 


and  their  ceniroid  is 


j_     g-       __         1        q^^vi^.   -    °<iM  ■^'    _    x^ 
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We  have  the  relations 
and 
tPGiu  ffhich   if/e   obtain 


-»^, 


But  this  is  preclseli  the  centx-"a  of  the  cenire-circle 

X  =  -^0^,^-^  <  )  . 
we  are  thus  enabled  to  ccnclule  r/iih  the  general  theoreiL: 

The  centroid  or  an  orthocentric  set  or  points  is 
'  -  the  centre  of  the  centre-circle  of  the  pencil  of  orthic 
curves  throup^h  those  points. 
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